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In this paper, we use the equation of state based on a modification of 2+1 flavors Nambu-Jona-
Lasinio (NJL) model to study the quark matter of hybrid stars. For comparison, we utilize five
EOSs of the relativistic mean-field (RMF) model to describe the hadronic phase. With the 3-
window crossover interpolation approach, we try to construct relatively soft hybrid EOSs but find
the maximum masses of hybrid stars do not differ too much. The results are quite close to two solar
mass, which is consistent with the mass constraint of PSR J0348+0432. Furthermore it is noteworthy
that the heaviest stable stars have central densities higher than that of the deconfinement transition
thus suggesting a pure quark core in the hybrid star.
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I. INTRODUCTION
The study of compact stars is a hot issue in astro-
physics. Among many research directions, the study of
the structure of hybrid stars is a popular topic. The
large central density in the core and very low tem-
perature make them natural laboratories to investigate
strongly interacting matter within quantum chromody-
namics (QCD). The interactions are so strong that per-
turbation theory can not be used here. On the other
hand, the ”sign problem” makes it difficult for lattice
QCD (LQCD) [1, 2] to deal with the calculations at finite
baryon chemical potential in hybrid stars. Thus effec-
tive models are particularly useful in this regime, such as
the Dyson-Schwinger equations (DSEs) [3–8], the quan-
tum electrodynamics in 2+1 dimensions (QED3) [3, 9–
11] and the Nambu-Jona-Lasinio (NJL) model [12–16].
In Refs. [17–19], the authors considered the 2 + 1 fla-
vors NJL model to study quark matter in hybrid stars.
However, the result of conventional NJL model does not
match that of LQCD at zero chemical potential and finite
temperature, which might cause some underlying prob-
lems when extending the calculation to finite chemical
potential. To reproduce the lattice result, in Ref. [20],
the authors introduced a modification of 2 + 1 flavors
NJL model with the four-fermion coupling strength de-
pendent on the quark condensate, just like the operator
product expansion (OPE) approach [14, 21–23]. This
modification makes the extension to finite chemical po-
tential more reliable especially when studying the struc-
ture of hybrid stars.
For the region between the core and the crust of the
hybrid star, a deconfinement phase transition (DPT) will
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happen. Despite the accurate depiction of dynamical
chiral symmetry breaking (DCSB) by the NJL model
(and its modified form), it lacks confinement and as a
result the description of DPT becomes impossible. On
one hand, the DPT and chiral phase transition (CPT)
are two different kinds of phase transitions with different
order parameters. On the other hand, in spite of good
descriptions of both DPT and CPT by the Polyakov-loop
extended NJL (PNJL) model at finite temperature and
chemical potential, a series of studies [24–27] consider the
transitions to be crossover for DPT and first-order for
CPT respectively. Furthermore, in the study of hybrid
stars, the temperature is always fixed to zero resulting in
a degeneration of the PNJL model with the conventional
NJL model. The correlation between CPT and DPT is
in fact still an open question with some authors think-
ing that there is a first-order DPT [28–30] because of the
mass twins [31] in the mass-radius (M-R) relation, while
others [32], backed by the difficulty in the determination
of the exact radius of a compact star, argue that for a
smooth DPT mass twins can exist too. In addition, at
low chemical potential and high temperature, the DPT
is confirmed to be a crossover by LQCD [2, 33–35], but
at zero temperature and large chemical potential, there
is still no model independent conclusion of the order of
DPT. For the QCD phase diagram, whether there is a
critical end point (CEP) and where it is are still unsolved
theoretically. In general, the facts above leave the order
of the DPT an open question, thus the study within a
crossover DPT is meaningful in this regime. Recently,
there are some papers utilizing the crossover DPT with
different interpolation approaches to study massive hy-
brid stars and getting some good results [36–40], that is,
the hybrid stars with the maximum mass larger than two
times of solar mass. Furthermore, in Ref. [41], the au-
thors demonstrate that there is not much difference on
the maximum masses of the hybrid stars among different
interpolation approaches.
2We extend the study of the recent works [20, 42] and
introduce a new EOS of quark matter. For compari-
son, we adopt five EOSs of hadronic matter in the rela-
tivistic mean-field (RMF) models to construct the hybrid
EOSs. After solving the Tolman-Oppenheimer-Volkoff
(TOV) equations, we get the M-R relation of the hybrid
stars. The maximum masses obtained from the five hy-
brid EOSs are very similar, which are all about 2 times
of the solar mass, thereby consistent with the mass con-
straint of PSR J0348+0432 [43] and PSR J1614-2230 [44].
However, we can see that the hybrid EOSs are rela-
tively soft via the diagram of sound velocities (namely
the squared speed of sound). Additionally, the central
densities of the heaviest stable stars are well beyond that
of DPT, thus suggesting a pure quark core in the hybrid
star.
The paper is organized as follows. In Sec. II, we present
five RMF models [45–51] for the nuclear matter in hybrid
stars and list some important properties in the table.
In Sec. III, we introduce the new EOS of quark matter
with the modification of 2 + 1 flavors NJL model. In
Sec. IV, the 3-window interpolation approach [36, 52, 53]
is adopted to construct the hybrid EOSs with a smooth
DPT. The resulting M-R and M-ρc (ρc is the central den-
sity) relations are then obtained. For conclusion, we give
a brief summary and discussion in Sec. V. Finally, the de-
tailed derivation of the modified coupling constant G is
given in the Appendix VI, which is inspired by QCD sum
rule with OPE approach and satisfies the requirement of
QCD in essence.
II. EOS OF HADRONIC MATTER
In this paper, we adopt some RMF nuclear models [45–
51] to describe the confined hadronic matter system
in the β-equilibrium, including: NL3 [45], NL3ωρ [46],
DD2 [47], DDME2 [48] and BSR6 [49, 50]. The
NL3, NL3ωρ and BSR6 models belong to the nonlinear
Walecka models (NLWM) which have constant coupling
parameters. The other two models DD2 and DDME2 are
the density-dependent models whose coupling parame-
ters are density-dependent. There is a common property
for the EOSs of these five models: they are all stiff enough
to construct a neutron star heavier than two solar mass.
The unified EOS of hadronic matter in neutron stars
is built in the following way: for the outer crust of the
star we choose the Baym-Pethick-Sutherland EOS [54]
to describe it, while for the inner crust and the core, the
EOSs of the RMF models above are considered. Both
the link from the outer crust to the inner crust and that
from the inner crust to the core are smooth. None of
the unified EOSs involve hyperons because, on one hand,
the complete interactions between hyperons are still un-
known and, on the other hand, the onset of hyperons
for the unified EOSs occurs at densities larger than 0.28
fm−3, already in the region of DPT and above the onset
of quark matter.
Some critical properties of these unified hadronic EOS
are demonstrated in Table I, From the table, we can see
that the maximum masses of the neutron stars are all
heavier than 2.4 solar mass, well above 2 solar mass con-
straint implied by the astronomical observations of PSR
J0348+0432 [43], PSR J1614-2230 [44].
TABLE I: Properties of some RMF models, including the Saturated density (ns), energy per nucleon (Es),
compression modulus (K), symmetry energy (J), slope (L), the maximus mass for a purely nucleonic core
composition (M⊙) and the value of the onset densities of hyperons (nY ).
Model ns Es K J L M nY
(fm−3) (MeV) (MeV) (MeV) (MeV) (M⊙) (fm
−3)
NL3 0.149 -16.2 271.6 37.4 118.9 2.77 0.28
NL3ωρ 0.148 -16.2 271.6 31.7 55.5 2.75 0.31
DD2 0.149 -16.0 242.6 31.7 55.0 2.42 0.37
DDME2 0.152 -16.1 250.9 32.3 51.2 2.48 0.34
BSR6 0.149 -16.1 235.8 35.6 85.7 2.44 0.33
III. EOS OF QUARK MATTER
The general form of the Lagrangian of 2 + 1 flavors
NJL model is
L =ψ¯(i 6∂ −m)ψ +G[(ψ¯λiψ)
2 + (ψ¯iγ5λiψ)
2]
−K (det[ψ¯(1 + γ5)ψ] + det[ψ¯(1− γ5)ψ]), (1)
where G and K are the four-fermion and six-fermion in-
teraction coupling constant, respectively; λa, a = 1 → 8
3is the Gell-Mann matrix, and λ0 is defined as
√
2
3 I (I
is the identity matrix). Then the mean-field thermody-
namic potential reads
Ω(T, {µf}, {φf}) =
∑
f=u,d,s
ΩMf (T, µf ) + 2G(φ
2
u + φ
2
d + φ
2
s)
−4Kφuφdφs + const. (2)
Here ΩMf is the contribution of the gas of quasiparticles
of flavor f, and φf is the quark condensate of flavor f,
f = u, d, s.
ΩMf =−2Nc
∫
d3p
(2π)3
{T ln(1 + exp(−
1
T
(Ep.f − µf )))
+T ln(1 + exp(−
1
T
(Ep,f + µf ))) + Ep,f}. (3)
In the Hartree approximation, the corresponding gap
equation is now given by
Mi = mi − 4Gφi + 2Kφjφk,
(i, j, k) = any permutation of (u, d, s). (4)
In the treatment of thermodynamically consistency, for
flavor i, the quark condensate φi and the particle number
density ρi should follow from Ω as
φi =
∂Ω
∂mi
= −2Nc
∫
d3p
(2π)3
Mi
Ep,i
[1− np,i(T, µi)− np,i(T, µi)],
(5)
ρ = −
∂Ω
∂µi
= 2Nc
∫
d3p
(2π)3
(np,i(T, µi)− np,i(T, µi)), (6)
hereEp =
√−→p 2 +M2 is the on-shell energy of the quark,
while np,i(T, µi), np,i(T, µi) are the Fermi occupation
numbers of quarks and antiquarks of flavor i respectively,
which are defined as
np,i(T, µi) = [exp
(Ep−µi)/T + 1]−1, (7)
np,i(T, µi) = [exp
(Ep+µi)/T + 1]−1. (8)
It is known that NJL model can not be renormal-
ized because of the four-fermion and six-fermion inter-
action in the Lagrangian. Thus, for terms containing
divergent integrals, a certain regularization method has
to be applied. In a non-renormalizable model, such as
NJL model, one has a choice: a cutoff (or cutoffs) can
be placed on all integrals [55–58] or, a cutoff can be
placed on only those integrals which are ultraviolet diver-
gent [59–63]. However, just as pointed out by Ref. [64]
that the best choice of regularization scheme is whether
it treats all momentum integrals equally, viz. if a cutoff
is placed on one, then it should be placed on all. Follow-
ing this perspective, we use the three-momentum cutoff
to regularize all the integrals in the manuscript. Before
further calculation, we need to fix five parameters to fit
five experimental data at zero temperature and chemi-
cal potential. This procedure is similar to that used in
Ref. [65].
In this paper, we will use a modified 2+ 1 flavors NJL
model, with the four-point coupling constant being de-
pendent on the quark condensate, inspired by the OPE
method. Due to the “sign problem“ of lattice QCD simu-
lation at finite chemical potential, lattice QCD method is
limited to low baryon chemical potential and finite tem-
perature right now and conventional NJL model can not
match lattice results at zero chemical potential and fi-
nite temperature. However, just as we will show below,
with a coupling strength depending on the quark con-
densate, we are able to reproduce the lattice result at
finite temperature and zero chemical potential. Here, a
natural question arises: is our modification of the usual
NJL model reasonable? We try to answer this ques-
tion from two aspects. Firstly, It is well known that
the quark propagator and gluon propagator satisfy their
respective DSEs and they are coupled with each other
by QCD in essence. The quark propagator in Nambu
and Wigner phase are very different. Hence, the corre-
sponding gluon propagators in these two phases should
be different, too. However, most work within NJL model
don’t meet this requirement (In the framework of NJL
model, the coupling constant G has a physical meaning
of the effective gluon propagator. In normal NJL model,
G is the same constant whether it is in Nambu or Wigner
phase). Our manuscript incorporates quark’s feedback
into gluon propagator and therefore provides a method
to fulfill this requirement by QCD. Secondly, in the nor-
mal NJL model, the effective gluon propagator, namely,
the coupling constant G does not change with temper-
ature and chemical potential. However, Lattice QCD
simulation has shown that the gluon propagator evolves
with temperature, although its evolution with chemical
potential is unknown. This means that the ”static” ef-
fective gluon propagator G used by most NJL studies is
unreasonable in essence. Nevertheless, in our manuscript
the coupling G being dependent on the quark condensate
will change naturally with temperature and chemical po-
tential, since the quark condensate is temperature and
chemical potential dependent. In fact, to resolve this
problem, some papers [66, 67] propose to consider the
contribution of quark loops in the DSE of the gluon to
incorporate the feedback of quark into the gluon propaga-
tor. However, the analysis and fitting of the lattice data
is critical for the quenched part of gluon propagator. In
this work, we investigate an alternative treatment in the
OPE framework, and the specific implementation of how
to extract the feedback of quark from gluon propagator
can be found in the Appendix VI. From this derivation,
the coupling constant G in the conventional 2+1 flavors
NJL model can be modified as
G→ G1 +G2(φu + φd + φs). (9)
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FIG. 1: Left: the temperature dependence of light quark (u, d) condensate (normalized to their vacuum value),
compared with the lattice result in Ref. [1]. Right: the temperature dependence of ∆l,s (a linear combination of φu
and φs).
Then, to determine the ratio of G1 to G2, we fit
the critical temperature Tc to the result of lattice QCD
at zero chemical potential, which is about 158 MeV.
What’s more, our calculation for the light quark con-
densate 〈ψ¯ψ〉R and the subtracted chiral condensate
∆l,s at zero chemical potential coincides with the re-
sults of lattice QCD [68]. The quantities above are de-
fined in Ref. [68]: 〈ψ¯ψ〉R = −[〈ψ¯ψ〉l,T − 〈ψ¯ψ〉l,0]
ml
X4 ,
∆l,s =
〈ψ¯ψ〉l,T−
ml
ms
〈ψ¯ψ〉s,T
〈ψ¯ψ〉l,0−
ml
ms
〈ψ¯ψ〉s,0
. Here the subscript l repre-
sents u or d quark, while s represents s quark. X can be
any quantity with a dimension of mass, here we choose
it as mpi. The results are presented in Fig. 1 showing
that, with only one more parameter, we are able to fit
the lattice results at finite temperature quite well. From
this figure, we can also find that at zero temperature and
chemical potential, our modified NJL model will return
to the normal NJL model, thus leading to many impor-
tant results and properties of the vacuum unaffected by
our modification. The whole parameter set is shown in
Table II.
TABLE II: Parameter set fixed for the quark matter.
mu (MeV) ms (MeV) G1 (MeV
−2) G2 (MeV
−5) K (MeV−5) ΛUV (MeV)
5 136 3.74×10−6 -1.74×10−14 9.29×10−14 631
Here, it is interesting to look into the connection be-
tween our modified model and those with multi-quark
interactions, for example, the NJL model with six-
quark and eight-quark interactions [69–71]. If we fo-
cus on the mass gap of the quark in the conventional
2 + 1 flavors NJL model, we can find that its lin-
ear term −4Gφi plays an important role in DCSB.
Both of our modified model and those with multi-
quark interactions give a modification on the term.
In our manuscript, the result of the revision of the
term −4Gφi is −4 [G1 +G2(φu + φd + φs)]φi, while
in the modified NJL model with multi-quark interac-
tions [69–71], the corresponding correction result is
−
[
G+ g1(h
2
u + h
2
d + h
2
s)/4
]
hi (where hi is defined as
φi =
(
(hi)
∣∣
∆i 6=0
− (hi)
∣∣
∆i=0
)
/2, ∆i is the mass gap of
flavor i). Nevertheless, because of the very low tempera-
ture in hybrid stars, the critical baryon chemical poten-
tial is always supposed to be about 1-1.2 GeV [25, 72].
Thus in this case, as the condensates are expected to
be small in this regime, the influence of multi-quark in-
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FIG. 2: The relations between u, d and s quark number densities and the chemical potential which are shown as the
black line, orange line and green line, respectively. For µ <340 MeV, the three lines coincide and are close to X-axis,
while for µ >340 MeV, only black line and orange line coincide.
teractions, especially the quadratic modification stem-
ming from eight quark interactions, can be expected to
be weak, leading to a small difference of the linear term
between the conventional 2+1 flavors NJL model and the
modification with multi-quark interactions. This is con-
sistent with the result of our discussion in the Appendix
VI if we incorporate the contribution of multi-quark in-
teractions into that of −4G1φi..
Now we can extend our calculation to finite tempera-
ture and chemical potential. Because the temperature of
hybrid stars is quite low, we take it as 10−5 MeV for nu-
meral calculations in this paper. The relations between
the particle number densities and the chemical poten-
tials of u, d and s quark are shown in Fig. 2. We can
see that the chemical potential dependence of the den-
sity of u quark is same to that of d quark because of the
isospin symmetry between u and d quark. And their crit-
ical chemical potentials are about 340 MeV, where a gap
appears. After this point, the densities increase mono-
tonically. But for s quark, the critical chemical potential
is about 410 MeV where its density starts to be nonzero.
Besides, its density curve is smooth all the time. Thus
we can conclude that u (d) quark undergoes a first-order
CPT, while s quark undergoes a crossover CPT as the
chemical potential rises. In the following, we will con-
sider the electro-weak interaction, and the constraints of
chemical equilibrium as well as electric charge neutrality
(β-equilibrium),

µd = µu + µe,
µs = µu + µe,
2
3ρu =
1
3ρd +
1
3ρs + ρe.
(10)
Then we can deduce the relations between the densities
of the constituent quarks (u, d and s) and the baryon
chemical potential of the equilibrium system, which is
shown in Fig. 3.
By definition, the pressure of the system at zero tem-
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FIG. 3: Considering the electric charge neutrality
conditions and the chemical equilibrium, the relations
between u, d and s quark number densities and the
chemical potential are depicted as the black line, orange
line and green line, respectively. For µ <340 MeV, the
three lines coincide and are close to X-axis.
perature is [73]
P (µ) = P (µ = 0) +
∫ µ
0
dµ′ρ(µ′). (11)
Here P (µ = 0) is pressure of the vacuum, standing for the
negative pressure of the vacuum at zero chemical poten-
tial, which is treated as a model-dependent phenomeno-
logical parameter. The confinement of QCD is therefore
included in the same sense as it is present in the MIT
bag model. Before the following calculation, we have to
ascertain its value. Like Ref. [41], we associate P (µ = 0)
with −B (the vacuum bag constant). It’s well known
that B is a phenomenological parameter in the range of
(100 MeV)4-(200 MeV)4 [74, 75]. Recently, based on the
observation of pulsar and the recent binary neutron star
(BNS) merger event GW170817, Ref. [76] gives a quite
narrow limitation to B, that is, from (134.1 MeV)4 to
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FIG. 4: The baryon chemical potential dependence of
pressure for different matters (blue dashed line, red
dotted line, orange dotted line, brown dot-dashed line,
gray dot-dashed line and black dot-dashed line
correspond to quark matter and hadronic matter of
NL3, NL3ωρ, BSR6, DDME2, DD2 models
respectively).
(141.4 MeV)4. So in this work we choose the middle
value of the range and fix B = (137 MeV)4. (The study
within the regime of B = (100 MeV)4 has also been im-
plemented, and the relevant results are shown in the end
of Sec. IV.)
Now we can get the relation between the energy density
of the quark matter and its pressure [77, 78]
ǫ = −P +
∑
i
µiρi. (12)
IV. STRUCTURE OF HYBRID STARS
To obtain the hybrid EOS with a smooth DPT. We
need to employ an appropriate interpolation approach
to connect hadronic matter phase and quark matter
phase. In Ref. [36, 52, 53], the authors employ a 3-
window modeling of QCD matter. Specifically, it is the
P-interpolation and ǫ-interpolation approaches in the P-
ρ and ǫ-ρ plane, respectively. As an extension, the au-
thors of Ref. [41] use the P-interpolation but in the P-µ
plane. In this paper, we will adopt the same interpola-
tion method as the Refs. [40, 41]. And the interpolating
process is defined in the following,
P (µ) = PH(µ)f−(µ) + PQ(µ)f+(µ) ,
f±(µ) =
1
2
(1± tanh (
µ− µ¯
Γ
)) . (13)
Here PH and PQ denote the pressures of hadronic mat-
ter and quark matter respectively. And the association
factors f± are the interpolation functions to achieve a
crossover in the region of DPT. The range of the re-
gion is characterized by the window of the function,
µ¯ − Γ <∼ µ
<
∼ µ¯+ Γ, where hadrons coexist and strongly
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FIG. 5: The energy per baryon vs the baryon particle
number density for different matters (blue dashed line,
red dotted line, orange dotted line, brown dot-dashed
line, gray dot-dashed line and black dot-dashed line
correspond to quark matter and hadronic matter of
NL3, NL3ωρ, BSR6, DDME2, DD2 models
respectively).
●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●
●
■■■■■■■■■
■■■■■■■■
■■■■■■■
■■■■■■
■■■■■■
■■■■■■
■■■■■
■■■■■
■■■■■
■■■■■
■■■■
■■■■
■■■■
■■■■
■■■■
■■■■
■■■■
■■■■
■■■■
■■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■■
■■
■
◆◆◆◆
◆◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
1.1 1.2 1.3 1.4 1.5 1.6 1.7
0.000
0.001
0.002
0.003
0.004
	B(GeV)
P
(G
e
V
4
)
FIG. 6: EOSs of hadronic matter of NL3, DD2 models
(red dot-dashed line, black dashed line respectively),
EOS of quark matter (blue real line), hybrid EOSs
constructed by NL3, DD2 models and the modified NJL
model (green dot-dashed line, cyan dashed line
respectively).
interact with quarks. Thus neither the EOS of hadron
matter nor the EOS of quark matter can play a role alone.
The EOS of quark matter as well as the EOSs of hadronic
matter are shown in Fig. 4. We can find that the chemical
potentials of the intersections of quark EOS and hadronic
EOSs are from 1.40 GeV to 1.45 GeV, corresponding to
the center points of the DPT region. Considering the
critical baryon chemical potential of DPT at zero temper-
ature, which is predicted to be larger than 1 GeV [25, 72],
the parameter Γ should be no larger than 0.4 GeV. As
it is shown in Ref. [36], a larger window corresponds to
a softer hybrid EOS. From the viewpoint of constructing
a relatively soft hybrid EOS, we choose Γ = 0.4 GeV.
Thus the whole region of DPT should be located at the
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FIG. 7: ǫ-P relations of hadronic matter of NL3, DD2
models (red dot-dashed line, black dashed line
respectively), ǫ-P relation of quark matter (blue real
line), ǫ-P relations of the hybrid system constructed by
NL3, DD2 models and the modified NJL model (green
dot-dashed line, cyan dashed line respectively).
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FIG. 8: ǫ-µ relations of hadronic matter of NL3, DD2
models (red dot-dashed line, black dashed line
respectively), ǫ-µ relation of quark matter (blue real
line), ǫ-µ relations of the hybrid system constructed by
NL3, DD2 models and the modified NJL model (green
dot-dashed line, cyan dashed line respectively).
chemical potential interval from about 1 GeV to about
1.8 GeV. According to the saturated nuclear densities of
different hadronic EOSs demonstrated in Table. I, the
lower boundaries of the region correspond to about ρj0 (j
denotes the species of the hadronic EOS) while the up-
per boundaries are 4.03 ρNL30 , 4.23 ρ
NL3ωρ
0 , 5.53 ρ
DD2
0 ,
5.13 ρDDME20 , 5.41 ρ
BSR6
0 respectively. By comparison,
the five EOSs of hadronic matter can be divided into two
categories for their similarity, that is, NL3 and NL3ωρ
for one category, DD2, DDME2 and BSR6 for the other
category. To compare the stabilities of the quark matter
and hadronic matter, we calculate the binding energy of
them and the result is shown in Fig. 5. There are five
intersections of quark matter and hadronic matter in this
figure, corresponding to the particle number densities of
3.75 ρNL30 , 4.0 ρ
NL3ωρ
0 , 5.09 ρ
DD2
0 , 4.75 ρ
DDME2
0 , 4.86
ρBSR60 respectively. When ρB is smaller than these inter-
sections, the hadronic matter is more stable than quark
matter. But when ρB is larger than these points of inter-
section, the quark matter is more stable. What’s more,
these intersections are all in the range of their own in-
terpolating windows, which confirms the validity of our
interpolation approach.
Now we can obtain the five hybrid EOSs. But for
a more sharp contrast, we will enumerate the hadronic
EOSs of NL3 and DD2 to represent the EOSs of the two
categories in the following. In Fig. 6, we can see the hy-
brid EOSs of the two categories. In the region of high
chemical potential, the hybrid EOSs are very similar be-
cause of their asymptotic behaviors to the EOS of quark
matter. However, in the region of low chemical potential,
they are a little different on account of their approaching
to different EOSs of hadronic matter. Then we deduce
the pressure dependence of the energy density and the
chemical potential dependence of the energy density for
pure quark matter, pure hadronic matter and the hybrid
matter respectively, and the results are shown in Fig. 7
and Fig. 8. The asymptotic behaviors of the curves of hy-
brid matter in these two pictures are analogous to that in
Fig. 6. As we can see, the property of the interpolation
method make the hybrid EOSs smooth curves, which are
close to the hadronic EOS at small baryon chemical po-
tential, but close to the EOS of quark matter at large
baryon chemical potential.
We also calculate the sound velocities (the squared
speed of sound) of the five hybrid EOSs to investigate
the stiffness of them. By definition, the sound velocity of
a certain system is
νs =
√
dp
dǫ
. (14)
In Fig. 9, the sound velocities of the hybrid EOSs are all
smaller than 0.6 times of light speed despite the differ-
ent trends of them, which demonstrates that our hybrid
EOSs are reasonable and relatively soft.
To get the configuration of the hybrid stars, we in-
tegrate the TOV equations with the five hybrid EOSs
above. The results of M-R relation and M-ρc relation
are shown in Fig. 10 and Fig. 11 respectively, here ρc
represents the central density of the hybrid star. We
can see that the maximum mass of the hybrid stars is
2.03, 2.05, 2.01, 2.03, 1.99 times of solar mass with the
radii of 14.21, 13.61, 12.90, 12.99, 13.16 kilometers, re-
spectively. Considering the recent astronomical obser-
vations of massive neutron stars, PSR J0348+0432 and
PSR J1614-2230 with the mass constraint of 2.01±0.04
M⊙ and 1.97±0.04 M⊙, are two of the best massive neu-
tron star observations until now. Obviously, our result
is in good accordance with the mass constraint. And
the central densities of the heaviest stable stars are also
larger than that of their corresponding DPT, reaching to
5.15 ρNL30 , 5.30 ρ
NL3ωρ
0 , 6.33 ρ
DD2
0 , 6.04 ρ
DDME2
0 , 5.98
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FIG. 9: The sound velocities of the five hybrid systems
constructed by the NL3, NL3ωρ, BSR6, DDME2, DD2
hadronic models and the modified NJL model which are
depicted in red dotted line, orange dotted line, brown
dot-dashed line, gray dot-dashed line, black dot-dashed
line, respectively.
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FIG. 10: The M-R relations of the five hybrid systems
constructed by the NL3, NL3ωρ, BSR6, DDME2, DD2
hadronic models and the modified NJL model which are
depicted in red dotted line, orange dotted line, brown
dot-dashed line, gray dot-dashed line, black dot-dashed
line, respectively.
ρBSR60 respectively, which confirms a pure quark core in
the hybrid star. For comparison, we also calculate the
hybrid EOSs, the M-R relation and the M-ρc relation in
the regime of B = (100 MeV)4. The results are shown in
Table III, indicating that there is not widely difference
between the result of two regimes, (B = (100 MeV)4 and
B = (137 MeV)4). When B = (100 MeV)4, the hybrid
EOSs are soft too, and the maximum mass of the hybrid
star is 1.98, 2.02, 2.00, 2.01, 1.97 times of solar mass with
the radii of 13.93, 13.51, 12.80, 12.97, 13.13 kilometers,
respectively.
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FIG. 11: The M-ρc relations of the five hybrid systems
constructed by the NL3, NL3ωρ, BSR6, DDME2, DD2
hadronic models and the modified NJL model which are
depicted in red dotted line, orange dotted line, brown
dot-dashed line, gray dot-dashed line, black dot-dashed
line, respectively.
TABLE III: The results of the maximum mass Mmax,
the radii Rm, the central density ρc of the heaviest
stable hybrid stars for the two bag constants: B = (100
MeV)4 and B = (137 MeV)4. (Here M⊙ represents one
solar mass.)
EOSs
B Mmax Rm ρc
(MeV4) (M⊙) (km) (GeV3)
NL3+quark
1004 1.98 13.93 0.00625
1374 2.03 14.21 0.00590
NL3ωρ+quark
1004 2.02 13.51 0.00648
1374 2.05 13.61 0.00602
DD2+quark
1004 2.00 12.80 0.00713
1374 2.01 12.90 0.00723
DDME2+quark
1004 2.01 12.97 0.00711
1374 2.03 12.99 0.00706
BSR6+quark
1004 1.97 13.13 0.00716
1374 1.99 13.16 0.00684
V. SUMMARY AND DISCUSSION
In this paper, we introduce the EOS of quark mat-
ter with a modification of 2 + 1 flavors NJL model to
study the structure of hybrid stars. For the gap equa-
tion (4), it’s noteworthy that our discussion on the gluon
propagator leads to a modification of the coupling con-
stant (the factor of the second term at the right side of
Eq. (4)), while the result of Refs. [69–71] also confirm a
modification of that despite in a different form. In addi-
tion, for hybrid stars whose temperature is regarded to be
zero temperature, the critical baryon chemical potential
is generally believed to be 1-1.2 GeV, which is in accor-
dance with the result of our calculation and closer to the
9regime of a weak 8q coupling in Ref. [69]. Therefore, the
modification with multi-quark interactions will be rela-
tively small compared with the general 2+1 flavors NJL
model. And our model can be regarded as highlighting
the major modification of G (from the feedback of quark
propagator to the gluon propagator), then absorbing the
small modification of G (from the weak 8q interaction)
into the coupling constant G1.
As for the EOS of hadronic matter, we choose five
RMF nuclear models to describe for comparison. In-
spired by the viewpoint of a crossover DPT, we construct
the hybrid EOSs with a 3-window smooth interpolation
approach. Beside that we choose the window parameter
as 0.4 GeV to study the star configuration with a rel-
atively soft hybrid EOS. Combined with the parameter
constraints on the bag constant from the recent binary
neutron star (BNS) merger event GW170817, we set B
to be (137 MeV)4. By a series of calculation, we find the
sound velocities of hybrid stars are much smaller than
the speed of light, which proves the hybrid EOSs are rel-
atively soft. In the end, we integrate the TOV equations
to get the M-R and M-ρc relation, which demonstrates
that the maximum masses of the hybrid stars do not dif-
fer too much and they are all around 2.0 times of solar
mass. Furthermore, some previous studies [79, 80] claim
that there is no pure quark cores in the center of the
hybrid star. But it is obviously different from the con-
clusion given by Refs. [79, 80], our present work shows
that the heaviest stable stars have central densities higher
than that of the deconfinement transition thus suggest-
ing a pure quark core in the hybrid star. And the re-
sults are consistent with the mass constraints of the PSR
J0348+0432 and PSR J1614-2230.
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VI. APPENDIX
Inspired by the QCD sum rule [81], the authors of
Ref. [22] come up with a relatively simple way to extract
the quark’s feedback from the gluon propagator. Within
the OPE approach, the current-current correlation func-
tion can be expressed via a series of local scalar operators’
= +
Dµν D
q
µν D
0
µν
FIG. 12: The gluon DSE has a vacuum polarization
term in which the local quark condensate is contained.
See Eqs. (15) and (17).
vacuum expectation values, that is, the vacuum conden-
sates. These condensates are regarded as parameters in
the QCD sum rules and characterize the nonperturba-
tive property of QCD. And they have also been calcu-
lated with LQCD [82] and many effective models such as
DSEs [83, 84]. For the gluon propagator, the quark con-
densate, which has the lowest dimension among all the
condensates, should be contained in the gluon self energy.
The vacuum polarization tensor of the gluon involves the
term [21, 22]
ΠQµν = −g
2
∫
d4(y − z)
∫
d4q
(2π)4
ei(p−q)·(y−z)
× tr[γµ
1
i/q +m
γν〈ψ¯(y)ψ(z)〉]
= Pµν(k)k
2ΠQ(k2)
= −Pµν(k)
g2m〈ψ¯ψ〉
3k2
+ . . . , (15)
here m〈ψ¯ψ〉 = muφu +mdφd, the ellipsis stands for the
higher order terms in m2/k2 (which are neglected), and
the superscriptQ represents quark. Then, we can extract
a quark-unaffected part Dq from the full gluon propaga-
tor (where q means quenched). Now the full gluon prop-
agator can be divided in two parts,
Dµν(k) = PµνD(k
2)
= Pµν(D
q(k2) +DQ(k2)). (16)
And then, considering the DSE of the gluon propagator,
we will have
Dµν(k) = D
q
µν(k) +D
0
µρ(k)Π
Q
ρσ(k)Dσν , (17)
which is shown diagrammatically in Fig. 12. With the
Eqs. (15),(16),(17) above, we have
D(k2) =
Dq(k2)
1 + g2m〈ψ¯ψ〉0/3k4
≈
Dq(k2)
1 + 〈ψ¯ψ〉0/Λ3
, (18)
where the subscript refers to zero temperature and zero
chemical potential. In addition, just like the Ref. [22],
the momentum scale Λ is introduced, which is treated as
a parameter and absorbs the constants m, g as well as
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the momentum k in our model. With this simplification,
the gluon propagator is finite for the infrared region. On
the other hand, the ultraviolet region won’t be influenced
because of the heavily ultraviolet suppression for Dq(k2).
Then we will extend Eq. (18) to the regime of finite
temperature and chemical potential by k → kl = (
−→
k ,Ωl)
and 〈ψ¯ψ〉0 → 〈ψ¯ψ〉T,µ. Combined with the Maclaurin
expansion method, we will get the following results,
D(
−→
k 2 + Ω2l ) =
Dq(
−→
k 2 +Ω2l )
1 + 〈ψ¯ψ〉T,µ/Λ3
= Dq(
−→
k 2 +Ω2l )
∣∣
〈ψ¯ψ〉T,µ=0
+

D′q(−→k 2 +Ω2l )∣∣〈ψ¯ψ〉T,µ=0 − D
q(
−→
k 2 +Ω2l )
∣∣
〈ψ¯ψ〉T,µ=0
Λ3

 〈ψ¯ψ〉T,µ + . . .(19)
Here D′q(
−→
k 2+Ω2l ) in the second equation represents tak-
ing the derivative of 〈ψ¯ψ〉T,µ, and the ellipsis refers to
the higher order terms of 〈ψ¯ψ〉T,µ, which is generally be-
lieved to be less contribution compared with the second
term in the second equation. Thus for simplification,
it is absorbed in the first term Dq(
−→
k 2 + Ω2l )
∣∣
〈ψ¯ψ〉T,µ=0
in the following calculation. Additionally, the fac-
tor
(
D′q(
−→
k 2 +Ω2l )
∣∣
〈ψ¯ψ〉T,µ=0
−
Dq(
−→
k 2+Ω2l )
∣∣
〈ψ¯ψ〉T,µ=0
Λ3
)
is
treated as a parameter for simplification in our model.
In the normal NJL model, it is equivalent to modifying
the coupling constant G as follows:
G = G1 +G2〈ψ¯ψ〉, (20)
which is exactly the modification we introduce in this
paper.
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